In this paper, by using Nevanlinna value distribution theory, we consider a certain type of difference equation, which originates with the difference Painlevé I equation,
Introduction
In this paper, a meromorphic function means meromorphic in the whole complex plane C. We assume that the reader is familiar with the standard symbols and fundamental results of Nevanlinna theory; see e.g. [, ] . For a meromorphic function f (z), let σ (f ) be the order of growth of f (z). Further, let λ(f ) (resp. λ(/f )) be the exponent of convergence of the zeros (resp. poles) of f (z). We also use the notation τ (f ) to denote the exponent of convergence of fixed points of f (z), which is defined by
Moreover, we use the notation deg f R(z, f ) for the degree of a rational function R(z, f ) with respect to f (z), where R(z, f ) is rational in both of its arguments with small functions relative to f (z) as its coefficients. In what follows F(f ) denotes the field of small functions relative to f (z). Halburd and Korhonen [] used ideas related to the singularity confinement test [] in its proof, and considered a difference equation of type f (z + ) + f (z -) = R(z, f ).
(.)
The solutions of (.) are called admissible. If (.) has at least one admissible meromorphic solution of finite order, they both showed that either f (z) satisfies a difference Riccati equation, or (.) can be transformed into a difference Painlevé or a linear equation. Now, we recall their result.
where R(z, f ) is rational in f (z) and meromorphic in z, has an admissible meromorphic solution of finite order, then either f (z) satisfies a difference Riccati equation,
where p, q ∈ F(f ), or (.) can be transformed by a linear change in f (z) into one of the following equations:
where π k , κ k ∈ F(f ) are arbitrary finite order periodic functions with period k.
Recently, due to the difference analog of the lemma on the logarithmic derivative given by Halburd and Though there are few papers on the existence of finite order meromorphic solution of difference equations (see [, , , ]), there is only one paper concerning with the existence of rational solution of difference Painlevé I equation (see [] ). In this paper, we will discuss the existence and forms of rational solutions, and investigate the properties on finite order transcendental meromorphic solutions of a certain type of difference equation originating with the difference Painlevé I equation.
The existence and forms of rational solutions
Chen and Shon considered the difference Painlevé I equation
and obtained the following result. 
The other rational solution f (z) satisfies f (z) =
P(z) Q(z)
+ A, where P(z) and Q(z) are relatively prime polynomials and satisfy deg P < deg Q.
What will happen if we consider a certain type of difference equation originating with the difference Painlevé I equation (.)? Here, we obtain the following result.
Theorem . Let C be a nonzero constant, and A(z) = m(z) n(z) be an irreducible rational function, where m(z) and n(z) are polynomials with deg m(z) = m and deg n(z) = n.
(i) Suppose that m ≥ n and m -n is an even number or zero. If the difference equation
, where P(z) and Q(z) are polynomials
, then
(iii) Suppose that m > n and m -n is an odd number. Then the difference equation (.) has no rational solution.
Remark . We know that (.), (.), and (.) are difference Painlevé I equations. Why do we only consider the existence and forms of rational solutions of (.)? We cannot know the limits of the type  · ∞ when we investigate (.) and (.) by using the same method below.
Example ., Example ., and Example . show that the difference equations have rational solutions satisfying Theorem .(i), and Example . and Example . show that the difference equations have rational solutions satisfying Theorem .(ii).
Example . The difference equation
Example . The difference equation
Example . The difference equation
Example . The difference equation
Example . The difference equation
, where m = , n = , p = q = , and q -p = .
Proof of Theorem
is a rational solution of (.). Then f (z) can be written as (i) Suppose that m > n and m -n is an even number. We conclude from (.) and (.) that
→ , and
→ a, and
a is a nonzero constant, while
. We obtain, by (.), for all sufficiently large z,
where A is a nonzero constant. Therefore, we obtain from (.), for all sufficiently large z,
Thus, we deduce from (.) that
Now we suppose that m = n. So, for all sufficiently large z,
where A * is a nonzero constant.
, then using the same method as above, we get a contradiction.
If deg P(z) = p > q = deg Q(z), using the same method as above, we deduce that, for all sufficiently large z,
This is a contradiction. Hence,
From the above, if m ≥ n and m -n is an even number or zero, f (z) =
is a rational solution of (.), the degree of P(z) and Q(z) satisfy
(ii) Suppose that m < n. Then, for all sufficiently large z, we get
, then we can assume that B μ =  and B j ≡  ( ≤ μ ≤ ν, μ < j ≤ ν). Using the same method as above, we deduce that, for all sufficiently large z,
This is a contradiction.
and (.) that . When n -m is an odd number, it is a contradiction obviously. When n -m is an even number, we conclude that
This shows that there is only one term -Cn(z)P(z)Q(z + )Q(z -) in (.) which has the highest degree. This is also a contradiction. If m + p + q = n + p + q, then q -p = . This is a contradiction since p < q.
, then we may assume that B  =  and B j =  (j = , , . . . , ν). Thus, for all sufficiently large z, we have
Therefore we obtain from (.) and (.), for all sufficiently large z,
This means that p = q is possible if
Thus, if n < m, then the degrees of P(z) and Q(z) satisfy
(iii) Suppose that n > m and n -m is an odd number, and that (.) has a rational solution f (z) =
P(z) Q(z)
. By the proof in (i), we also get p -q = m-n  . This is a contradiction. Thus, (.) has no rational solution. The proof of Theorem . is completed.
Value distribution of finite order meromorphic solutions
Let f (z) be an admissible meromorphic solution of the equation
where A(z), C(z) ∈ F(f ). Suppose that there exist k ≥  and α <  such that 
Now recalling the fact that
holds for all ε > , if r is sufficiently large, we conclude that
This implies that f (z) is of infinite order unless the degree of R(z, f ) is at most two. The above facts imply that it is possible that (.) has finite order transcendental meromorphic solutions. Thus, we consider (.) and obtain the following.
Theorem . Suppose that the equation
where A(z), C(z) ∈ F(f ), admits a finite order transcendental meromorphic solution f (z). Then:
, then the exponent of convergence of fixed points of f (z) satisfies
We need some lemmas to prove Theorem .. 
n j= f j (z)e g j (z) = .
where E ⊂ (, +∞) is of finite linear measure or finite logarithmic measure. Then f j (z) ≡  (j = , , . . . , n).
We further conclude from (.) that . This is a contradiction since f (z) is transcendental and A(z), C(z) ∈ F(f ). Hence, together with the result of (i), f (z) has no Borel exceptional value.
(iii) Suppose that f (z) is a finite order transcendental meromorphic solution of (.). Set
Then g(z) is a finite order transcendental meromorphic function with σ (g) = σ (f ) < ∞ and τ (f ) = λ(g).
We substitute f (z) = g(z) + z into (.) and obtain Therefore τ (f ) = λ(g) = σ (f ). The proof of Theorem . is completed.
